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Parametric Statistics
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‘BEA|SF (parametric statistics)O|Ct.
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OS2 7tdst, 1 oM 222 YoLfil= St
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Parametrical Statistics

o T (parameter)= £ BHO| EH2 4Y/2o4T £+~ U= B
USS Yottt Bes 0 E 25 AW, 752 HE L 0|
E|7|= Sttt LR Z 02H &Lt

o B3 (parametric model)2 0|2{8t 245 | 7HEMN HIE £
o= D82 oln[aict

o DpEZ7k(parametric space)= 247t £ = U= Z7HS 2|0[Ct.
05 Hetetth= 20j0M 02 At 2L



Parametrical Statistics

(i) 71 6, a0l 2|5l et 11
( )Xl,"',Xnolal' 7|-I_
= A0 Easto}

o 02 o’} 02 = [T, §f

o,



Parametrical Statistics

o D4ATHS 0|83 220)H, 2l R3O D40k e0jLjE S}

o I Z2 22|z 1 E4EHO| 2IZ|, AHAQIR|0 ZHAQIO0|
AEE 2HUAIS S510] 242 2E0HE 4 ULk

o O|XYH Z4RHO| F2RE A G|O|E7} T2 220 71 72|
OtC = 224 §*& pseudo-true parameterct] SICY.

o R2|= 2280| ZQIZ| B2L, 0| pseudo-true parameter?)|
2H )5 BE 22 72 SHE Hop

o BIO} AR 0] BHO| 207 RADHES HE2E2 AM|s/ACHH,
pseudo-true parameter= =2 240|C}. 9*Q| 2H 2k f= 2 69|
ZZT0[7| = siCt.



Estimator and Estimates

Sfa1 A} otct.

0x

o BADHON LS FP P2 SHE A I AYE 22
k C

o|2}1 o},

of 2ztof ThEt 2HS AZHEH(interval

o HE Xy, -, X,22 HiL|=
A2 (estimator)0|2t 510,
X1, xpe CHYSH H2 2L

f

o 252 CHA AL 2 estimand2} FHCY.
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Confidence Interval and Confidence Band
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Confidence Interval and Confidence Band

O &t~ fOf| TSI S8t a0 M2 Btdk f(a)2l Al2|F2tE
TSt S-S 425t 22H A CHH Lo U= a0l ofsHA] BHE
U= LOICE 2L a0|M el Al2|ZHE (L(a), U(a)) M 224t

o 1M OfA| 2dst At Sh= Al f(a)7t Ot 2t £ 1 AFA|2t1D A}
0] 82 2= x0M f(x)& dMt= A2 F7tS BHS0{F0{0F 5t
0| AZ|YHE (confidence band)2t 2L}

o AL AT & Y Fo| HE|PZIE

(L(x), U(x))

O|Ct. &, 2& xOl|A StLtstL Al2|27tg BHE0 OAS
O|0{20|At= ZO|Ct. O|FHA 2 A2F2ts
pointwise confidence bandO|2t11 2EC}.



Confidence Interval and Confidence Band
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Confidence Interval and Confidence Band

o R2|= f(x)THO| OtLe} MA| fo| A2[BHEoe| XHEES 1 - o
Oldez A5t Aot

@ pointwise confidence band= ‘2& x0|M’ f(x)2e| Z&t&ES
SAtCE 2 CHHE S 10070 =2 xOl|A O] 42| F7HE EUTHA,
BHH22 10007l 22| f(x;)= AZ2|77HA Bo{Lt S Ao|CH
(He|d d2[7tE2 =3 A0|etal 7Hdstot)

o JHCIH A o A2[BHE Otoj 7} 23] S0{7t US HES
0Ot E7t? 1007001 A 2F 2CH St 2tE, (1 — o)'2] &2 0]

o A AIESH= a = 0.050{| A, p0|ntW|se confidence band7t &A| fE
25| Lt Q1S BEL (1 — 0.05)100 ~ 0.00598H0]| OF EICH=
Zo[ct

S 235107 5t 229 YN O VEAZ| R5ict.



Confidence Interval and Confidence Band

ZAE SASUM= CrESZ (multiple testing)2| A2t

- Chret 240] Chisty] SO =Yt S sttt 2L

Le|+=FZ0|M ZE0| 0|F0{Z|2| 2otz AOCt.

Ql 52! = StLi= Bonferroni correctionO|Ct. AM2|27tS
a/1002 AFESHCH Y SHE R} D CHH pointwise

oS ©f L U2t

Ul

confidence band

L(x;a),U(x;a) = L(x;a/100), U(x; «/100)

2 oyxEict
o J1ZCIH 1007 MO|MLe| ‘23 eH BatstE2
a 100 a
Y T a1 Y 100=1—
( 100) 100 100 @
2



Confidence Interval and Confidence Band

o 0|28t ZAH|E S0t ™ xO|AM F7} LZ[BHE Qtof| &
ESE|EE, S '2H0 22 'SA0|" Z&ots #E0| 1 - 0|5
OL= Al2|BHEZ simultaneous confidence band2tl £&C}.

@ Bonferroni correctionS ISt CHFSH BIHO| O] AlZ|BHEQ| 120
A%, F0| A C}= Bootstrap JA| A3 A= ZEO[CE

o AUBFH O Z pointwise confidence band 2Lt &4} simultaneous
confidence band”7} & SiCt. 6|-X|'F_P O ZFF AMEEICE Al2|EHE9|

HH[7} '_01'—H: A2 T-_-‘?é' 2Ho a8YE YZ= YO[R|Tt, ALY
57-‘I|°F01|A‘| = 11 2FHEZ 245t simultaneous confidence bandS G

Sotht.



Normal Distribution
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Normal Distribution

O =

= tAle tHE 825 20§t
2 ~ N(u, X)2tH,

EX]=p, Var(X)=X



Probability Space

Ha0f Efote HEH'S 314 Q0|2 HHHFY| 2ot Y

JHL O QUCE

Ao 22 M L 4 QU

S1k(sample space) QZ HA|GHA}
ZARIE 22 Lte £59| /e {1,2,3,4,5,6)10] CHEZQI Y O|C}.

o 11 CIZ, xo REATS event space FS 11245HC}.

O|l= EYst M2 OLZ5l0F 5tL, AHM|et Z{2 Al2kstCt

o 1 OZ F&E EoY2 2 310 11 HLE 0FE 171R[2Q] H4=0
CH2A|7|= probability measure PE 112{GtC}.

e (Q,F, P)E probability space2t £=04, At e € FOI| TSI P(e)
£ 0| probability measure AO||A| AFH 7} EHAHSH S22 Z O|SHC}

H Jm 19 Jo
M oX > mju



Random Variable

FE ¥4 (Random variable)= £33 &&= £4 /2 HIESICt Ol
A Q2 Yoo =2 5= St

ol

>

g siMsll=E 4= UCE



Density Function
e 0|24} probabilty measure P SlOj|A, &}
SHE U T 8k (density function) f&

[ e = px e (a.8)

2 Zo|=lct
O 92e, Foll £35Hs 2E At O Ti3t0] [, f = P(e)Q!
HFAl O

b aH
o|0|5t7| &= SrL.
o CIHZF B4 (random vector)0f| CHSHA = S SH YA
density functionS Y2lgh 4 QUC}. T O] Wojl= &E#H4 X7t
QH=oHCY.

X : Q - ROl HE{340|CY,
o SEUTFL f= R BT A0l Ci5H] Of24E
f(x)dx = P(X € A)

N



Expectation

t BaH22 VIR £l UeE,

f(expectation)2

S

o/

E[X]—/Rxf(x)dx

A2
/ xf(x)dx

21

S0 0= Of

F St
—

o CtHZ

E[X] =

s E[Xa])

(E[X], -

E[X] =



Variance

HpI 7= AR M,

o =4Ak(variance)

(x — E[X])?f(x)dx

Var(X)

A2

217

gH140| Z20| 0f

F St
—

o CtHZ

/k(x — E[X])(x — E[X])T£(x)dx

Var(X)
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<Fox
o
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Var(X);; = (Cov(X;, X))



Measure 0 set

@ A2| measureZ} 02t= Zd2 event A € F7t P(A) = 00|2t= Z10|C}.

o 0§ S0f, &Y a4 MM of el el(singleton) {1} S2
measure 0 setO|C}. (Q = = {[a, b]|a < b})

R, F
b measure 02! setOf M2 CH2CEH, S0
sie

o 0RO OjH & QLEﬁ 7
almost surectH| ZCt12 SIC f

e 0|2 =0, &= ALY SEH4 X2 Y7t probability space
([0,1],{[a, b][0 < a < b < 1}, P)OIIAM H2IZ| 11 P([a, b]) = b — a2tdl

ot 1 CHH

X(w)=w, ¥(w)= {;Vo23 :i 82

= almost sureStH| ZCt. {0.5}7} measure 0 setO|7| T2 O0|C}.



Conditional Expectation

o X7 7|SHZk(conditional expectation) YZ2| SE#H40|C}

o E[Y|X]E otH, Ol= XOf 2Jsf 1 210 2d=0, X7t
StEH40]7| m=20] O] HAl &=0 2f3H ﬁol EC =
SEEPSII

o BAHESASOM 22l 2UE Yeg+E 1511 0|2 &5
2P 7|SS TAIC

AHA2
o Al RHUE J|tHZte ¢ o H 7.|| 0|5, ol2] 7§ 2ABiCt.
o 0|52 25 almost surestH| ZCt R2|7t 7|20 2HEH A, &2
ZAAAYH A2tB 4 Qle 2 £ 0 £ S wo|ch,
o W2t RS J[HZET2|, B2 ZAR J|cizto] £ sEgiLel
CtD 251 S0l as.8 20iF& 20| ZCf

Jl)l my

22| $£RME as.7t B2 4 Y RAIS|E =CH



Convergence in Probability
o HEHLO £HS EEMPH(seq. of rv.)0[2f S,
plim X, =X or X,5 X
n—o0
2 BAlStz A2 2E e > 00 Chal

lim P(|X,—X|<e€)=1

n—oo
A o|o|sict
o UOF & HAFHSSE {X,} 2k {Y,}0ll TH5H0],
Xn
20



Convergence in Distribution

X, ~X o X, 35X or X,~X
2 HA|ste 242 2E A A0l Cisty
lim P(X, € A) = P(X € A)

n—o0

° -|':> 2Hg 8|-7'| ,‘:, =9| density function f,, f 38 distribution
function F,, FO|| CHSH 150| continuous® [f

lim fh(x) =17(x), lim F,(x) = F(x)

n—oo n—oo

Ql A2 =2 Ofsfis = ECt.
@ convergence in probability2t®™, convergence in distributionO|C}.



MSE

o SAISOIM Z2HTC| HI V[EL2 71 B0l AFESH=E HEe
MSE(mean squared error)O|C}.

e MSE&=
MSE(@) = E [(é - 9)2} = Var(f) + bias(f)?
S ojoj3ict
@ bias= A A
bias(¢) = E[0] — 6
= ojoj3ict

e bias?7t 09 222 S HFAHZF(unbiased estimator)0|2t1]l F2C}
o M2 WIIo| 2O M, variance| H4+-E E&/M (efficiency)2t
B=27|z sic}.



MSE
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Almost Sure Convergence

o SHEHAY [X,10]
P ( lim X, = X) -
n—o0
= QESICHH, S X,0] X2 &S| £Hot= w € Q2 0|
measure 0 set [, 22|= X,0| X2 almost surely converge

SiChD Qsic
o Ol& X, 2% X2{F £Ch
almost surely converge6}t® converge in probabilityO|0q, O|0f| C}2f

AtHAR| converge in distributionO|C}.



Consistency

o DIOF 2A2f § O] 25t UAL 5= 24 02 converge in probability
SHCHH, Ol= Y| T (consistent estimator)O|C}.

o OIOF 22f ) 0| Y2 almost surely convergeSHC}H, 0= 2+t
Q| (strong consistency)S 7}ZICtL] LSHCE

o 23t YRS FAY ok U HS TS BeICH

o OM 2 232 n0| DI Zoj Tty Aste 2H0| TR/
g2 H2 & (asymptotic property)0|2t1] ST



Some Analysis

o™ &8 © € RA7}t compactzts A2,
0|7‘|0| cIosedOID:I bounded?!S 2|0|GtC}.
e Neighborhood= & x € R*0f| C{3I0d,
x € N C R¥Ql open set NS 2|0|5tC},
o RXO||A open set A= A LIE2| O & 28 12H2t:

5(a) € R7t U |x — a| < 69 2& x7t x € A%l setZ2 2

e int(A)= A QH0j| L8tz = 2= open set=2| unionO|C}.
° B7f closed2t= 42 BO| 0{2/&t Rk — B7} openO|2h=

Z0|E}.

o B7} bounded2l= 22 O{H3F M > 00| ZAH5t0] BO| 2= 4

b e B7t |b| < MZ BtZ3ICt= ZA0|C}.



Some Analysis

o Al49| bounded?Q! 28t A € ROj| CHHY], SH4 supremum b = sup A
7t ZAstct.

o b= Of2ff &+ 72| 42 S CHEoiCt.
(i) 2= ac A0|| CHs5tH, a < b
(ii) ¢ < b2l cOf CH5t0], &’ € A7t 224510 ¢ < /0T

o o0 LSt &= Of2fgt =2|7} 7t&s3tot.

= Mol A= 2E w0l Bi5te] WollMe exat=S 20kE HEe
supremum= 2|0|5tC}.

e supp(f)= sup(f)2t= Ct=L}. supp2 supportl| LALZ, f(x) # 09!
x| Y gS ofofstet.



Some Notations

o transpose2 AT 2|2 M7|E 5Z|QH A'O|L} At 2t AR EICH
o BF22|(standard error)= /n2 2K HZ3Iot HEHFTHAIE
oojgict. =

se(HA) = \%

2t4=7t n SOt nz2t Egtpt ALKO0|2HH, f e C"HPH Lt
o EEHA0| nzt HE(moment)= E[X"]S 2|0|SiC}.
o DHoF O &F4~7} measure 0 setO| A 22 A|2| St continuous2tH,

a.s. continuousz| 2 A} £2C}

re
a
M
N
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In Appendix

e Continuous Mapping Theorem(CMT)
e Weak/Strong Law of Large Numbers(LLN)
e Central Limit Theorem(CLT)

@ Mixture Distribution






t-test for Two Sample

T DgCto| WAL H|W5| 9I5 t-testS AZI5H0f B2}
o ttests & RCI0| RE FTELE 20k B4 T4 SH0jA
0|2 0fZIC}
o HABHS ARFD BEFO| B B4 20|12 ot MR} FC}
o AHOIM D42 7}
@ A Are| BIOIMH S N(uy,02)0lTH
@ ZA[sH BYte| BANH BRE N(u,03)0IC)

o 7|F/H31t ChEHE2

o
[

ol 0%

Job |

Ho : pi1 = p2, Hi:pa # p2

OS2 FO{IL.
o AUH SHUSOl BIAMHL X, -, X, 0l2hE BECR,



t-test for Two Sample

o Br%f 0 = 03940| LA ATt

— 1
Y - X
t= ————
< 1 n 1
P n n»
O] At m + np — 220 t2 25 ES 0|30 4P &+ AL

e pooled estimator s,=

o (m — 1)5)2< + (n — 1)5%
P ni—+n —2

0l 62(03)2] UMVUEOILC},

o t-teste 244 HYO| LU= 71y 5ol AP H(power)0| 71 =2

AFolct.



t-test for Two Sample

oY 0 o2 ra

2 £ 02910| L24A QAUCHH, Welch's t-test= 0|23t}
23} 022 DECHH, JH010| MEHO|| O|Z5tCt. |7 | at=
| CH2 StLto| 28 0|4t T Welch's t-testS O|&& A2

oXrn k=19 19
rol N
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o e
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;\J rlo
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Evaluating Tests

» S22 2U2 WIIE Uol= T 713 H=E Sofrier

» 139 258: A27140| HY 4 20| H2IHIS g 24F

o SOAZ 0lH 22 AUSIEHE 22 2 oY 2l HIZO
2280] o 0[310|£2 AfBl2tE HoICt

o H2F2| 2RE: LHEVIE0| ¥ W YO0l #F7HES 7125HA|

o SsL=
O;l'g gl-

o A (power)2 A% | D710 Tf 1-(A2229| LFE)S 2|0|6tCt.
= 99| St FORICE



Evaluating Tests

o SAA HY2 ool A== Foreitt.

Q 40| Al1Z2 LFIES Hdte +E0IM SAlot=71?
Q Aol AXHL o[5II|?

o Drof M FUt V&S SaotA| R3UEH, Y9 71%

| 2FA (critical
region)= HI0] Re|+=ES SA|StCt.
o M| BII 7|ES SUct Y S AOIOM = HEH S HlWstCh Ak
AMEE|= 22 HZALHEE(Pitman’s asymptotic relative efficiency)
O|Ct.

o Oli= F012I T 0 = 9,2} 012 A
st Ze0| 17| r2 Hluste wiol

(Yerz o2 EEo| 37| n0| Z71E4E



Nonparametric Statistics

o ttests B4 JPY(YTFRE 71E)0l 2 1 2HA0| 71y 22

Z3olct

o DIOF HA|BHY SHA4SO| BHQINZ SH It YTt OFL 2}
ofZ 2 E7t?

o 11 B IO DOFRZ} OF 4 Ol ALBIO|2}H?

-
o H|2L-EH|(nonparametric statistics) 22 =X 22 SHHE2 7 S
Al Setet.

o 0152 B4 J1HS 2

o
g'ﬂ
N
o
:)é
ofm
X
m



Nonparametric Statistics

o BIRAEXBI0AC 71 o4 AFHAoICk
o TSR 2HO| DS YA ttest?} L2, B4
dHoIME 2EZS

Fi=(f: [f00de < o) (B2 BH0| ZAsHE RE £F)



Nonparametric Statistics

o testis AfM FREELC M7} O H2 RSET SoIME
ROSEES A2 SA5H7 RaiC

o BITHZ M2|7} 21 Slash X SO0|M= HHH0| O H45=
oFZ0| QIC}.
o UHRH, B2 HYUH2 éﬁ—-—E 7183 sl 210

._O—EEF.‘—H Slash 8X7f2| 2 E & cgEHO1|A-| So|ARS (2
S5 & 9C}

o AMZ|| 12|Vt 2l EXOMe= HZEH0| t-test2Ct =L}
o [M2tM YE2 Xt FAISHA| 2 2T HEHT} LIEIHITHE,
HI242 S AESh= 20| AHSIC.



Robustness

of 34
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Breakdown Point

° 75I'_|1'|(breakdown point)= EEOE'Z'H HAE| = EAESHS
S A|1Z17| et 22| H[EE 2|0|gtCt.
o E% X].a"' ,Xn% Ezlzléro:l %7:”%': T: T(X1> 7Xn)
A4S

o OfFH b— 10O HFEL Xiy, -+, X;,_, Ofl BHSHA =

mjo



Breakdown Point






Randimization Framework

o Al AAV} OFF & £[0f QUOf 25| &t & 4T At BIt
UL SEAE

o & Y| 2j0j 23| 2{2| 0iL0|C}

@ coin toss= 0| 23}0] 9|2 AJE} BOAES LI+, 22| &2
B3} B}

o O|MH & 1F2| M2| ofF 7t 5 2H=0 2 A9 s2ds
Bz 4+ Qe A elE eHEst Aed(Randomization Experiment)
ojatn 22t



Wilcoxon Test

o 2oF ATE3 BIOF2| 25410 2 Xs TS0| A QUCHY,
t-testS AFRSHH EICt

o 2OF ATFY BAFS| A5 2ES OES W I Xet A7t
AUCHH, t-testS AT 4 QIC}

o Shapiro-Wilk test, Jarque-Bera test S= Al235t7{L} q-q plot=
Jeq8t THESE 4= UL
o 0| 3% B (SYEL) *t0of| Cfst B[220l 240t AZO

o [HEZAQI HIHO| 252} £2|0|| 2Hot Wilcoxon TestO|C}.



Wilcoxon Test

N

e BOES

jif =N



Wilcoxon Test
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Wilcoxon Test

o [}2tA

Hy @ 22|22t 245t

Off Ciste, 2SE E=2E2| ESAT Wops/t S QI 20[2HH
7H4E 7|Zst= A0l &Lt

o We &RHStE SIS0 Qldl &[22, 0] HA| L0
St AYSAZO|IC

o 2 O|RZE W2| & FA| (L=ZL2])2 20| TSI et
Wilcoxon test= =X 2245 HAAHO|CH



Wilcoxon Test

N3
]

a P
L AN
&K
g N
K o] =

B

P

2

L

A2} S Tl 22

s Rn

07|22 Ry, ---

=
=

Dj|o| CHAE HIZ2Z2 1~ n22 &9
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= dYSAE=2= 0|8



Wilcoxon Test

e Wilcoxon test= 2|7} FEE XY If AY¥H0| =30 LHA
olct.
o SISHARE, DAZLR} ZO0| 2L n2|VF FHZ 0
HE9| &0 2 ':'I'— FSHA| t-test 2L} 7,:1 20| =L}
F2 B2 t-testOf| H|oH ZEHE SR|0, Re+-FE T
9 2+2440| 9IC}H

Ch=

-

T

A
e
o :2|7} g
A 4+
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Robust Estimator of Mean
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M-estimator
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M-estimator
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Example
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Bootstrap
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Bootstrap
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Bootstrap

o B2 0|29 BT FOIA BT
o 0|2/0] BYEH F= BEORLE U2 FHUH LB (empirical

CDF)
1 n
Fa(x) = = > 1(X; < )
i=1
2N ZZItsottt
o Fr2 FO} n71/2 30| 2a10g ZHe BRE40| 22 2FTO|Ct
o = BT FOIM A7(7t nQl HES &= A, ZAE 22 F,2
DO 2 510 37|7} nQl BES e HS 0fR QARSI



Bootstrap
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Bootstrap
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Bootstrap
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Some ldeas
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Bootstrap Confidence Interval
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Bootstrap Confidence Interval
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Bootstrap Confidence Interval
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Bootstrap Confidence Interval
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Bootstrap Confidence Interval

|2| 71 7H2 bootstrap percentile C.10|C}.
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Bootstrap Confidence Interval

o S2|7t P32l ATTS M%7} OfL|2} BH4e0Ct,
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Bootstrap Confidence Interval

o J1HCIH A > 00| At HESIE2Z, bootstrap percentile C.IS
285t
A€ (0,Qa-(1—-a))
£ Mz|RZoR g £ Aot A= A0o] FER ol
o 1ECIH ANpHo 2 A= AZ|MHE=
f(x) (x) £ Qax(1 — )
O| HE{O|CH.

e 6)0|M 2|ZHOZ o= AZIPHEL O] MHEE 59| A2, &
HASlE AO|Lf DRIVER|

o Corl2 O|EHH ¥2 A EE:.H AME| 7S]
1— a2 EAG= C|-_|_ At

H
ol
Jfok
M
o
ry
>
X

0
Hu



Bootstrap Confidence Interval
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